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Abstract
In this paper, we establish the existence and L∞ estimate of solutions of a (p, q)-Laplacian parabolic
system in RN with the initial value data. We also obtain the existence of a global (X, Y )-attractor for this
problem, where X = L2(RN )× L2(RN ), Y = Lr (RN )× Lr (RN ) for any r > max{p, q}.
c⃝ 2012 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
Keywords: Global attractor; Asymptotic compactness; (p, q)-parabolic system
1. Introduction
In this paper, we are concerned with the existence and L∞ estimate of solutions and the global
(L2(RN )× L2(RN ), Lr (RN )× Lr (RN ))-attractors for (p, q)-Laplacian system
ut −∆pu + λ|u|p−2u + Hu(x, u, v) = f (x), x ∈ RN , t ∈ R+,
vt −∆qv + µ|v|q−2v + Hv(x, u, v) = g(x), x ∈ RN , t ∈ R+, (1.1)
with initial data condition
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ RN , (1.2)
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where the differential operator involved is the well-known m-Laplacian∆m z = div(|∇z|m−2∇z)
with 2 < m < N and the parameters λ,µ > 0.
Monotonic operators, like m-Laplacian, appear frequently in equations modeling the behavior
of viscoelastic materials [15], reaction–diffusion [11] and in the theory of non-Newtonian
fluids [2,1] and the references therein.
The case of a single equation of the type (1.1) has been the subject of a number of extensive
works under appropriate assumptions on nonlinearities term; see [3,5–7,9,13,12,17,18]. For
the case p = 2, the existence of global (L2(RN ), L2(RN ))-attractor is proved in [17]. Wang
in [17] used a suitable cut-off function to prove the asymptotic compactness of the associated
semigroup for reaction–diffusion equation. Further, applying this method, the authors in [9]
proved the existence of the global (L2(RN ), L∞(RN ))-attractor for p ≥ N , and the global
(L2(RN ), L N p/(N−p)(RN ))-attractor for 1 < p < N . We [6] also studied the initial value
problem
ut −∆mu + λ|u|m−2u + f (x, u) = g(x), x ∈ RN , t ∈ R+,
u(x, 0) = u0(x), x ∈ RN , (1.3)
and the existence of global (L2(RN ), L p(RN ))-attractor, and some regularities of solutions for
(1.3) has been established with any p > m, in which p is independent of the order of polynomial
for u on f (x, u). To show the uniqueness of solution, we derive L∞ estimate of solutions by
improved Moser’s technique as in [12,14].
In this paper, we are interested in the existence and L∞ estimate of solutions, the asymptotic
behavior of solutions and the global (X, Y )-attractor for the initial value problem (1.1)–(1.2),
where X = L2(RN )× L2(RN ), Y = Lr (RN )× Lr (RN ) for any r > max{p, q}. We will follow
the approach of [4–7,13], generalizing some results to the system (1.1).
We mention that to our knowledge, there is little information on the global attractor of
solutions of the initial value problem (1.1)–(1.2). The system (1.1) with p = q = 2 and RN
is replaced by the bounded domain Ω ⊂ RN has been previously considered, for example
in [8]. When Ω = RN , it is much more difficult to get compactness of the semigroup since the
embedding is no longer compact. To overcome this difficult, we derive carefully various a priori
estimates of solutions and use the direct cut-off technique in [6] to prove the uniform smallness of
the norm of ∥u(t)∥Lr (Bcρ )+∥v(t)∥Lr (Bcρ ) for large t and large ρ, where Bcρ = {x ∈ RN | |x | ≥ ρ}.
The paper is organized as follows. In Section 2, some assumptions and main results are stated.
In Section 3, we derive some a priori estimates and give the proof of Theorem 1. By the a
priori estimates in Section 3, we prove the existence of global (X, Y )-attractor for (1.1)–(1.2) in
Section 4.
2. Preliminaries and main results
We denote the spaces L p and W 1,p for L p(RN ) and W 1,p(RN ), and the relevant norms by
∥ · ∥p and ∥ · ∥1,p respectively. It is well-known that W 1,p(RN ) = W 1,p0 (RN ). In general, ∥ · ∥E
denotes the norm of Banach space E .
We make the following assumptions on Hu(x, u, v) and Hv(x, u, v).
(A1) H(x, u, v) ∈ C2(RN+2), H(x, 0, 0) = 0 and there exist the nontrivial nonnegative
functions h1(x) ∈ Lα1 ∩ L∞, h2(x) ∈ Lβ1 ∩ L∞ and h(x) ∈ L1, such that
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− h1|u|α − h2|v|β ≤ H(x, u, v) ≤ Hu(x, u, v)u + Hv(x, u, v)v
≤ h1|u|α + h2|v|β + h, (2.1)
where 2 ≤ α < p, 2 ≤ β < q, α1 = p/(p − α), β1 = q/(q − β).
(A2) For every (ui , vi ) ∈ R2 (i = 1, 2), we have(u1 − u2, v1 − v2)Hu(x, u1, v1)− Hu(x, u2, v2)Hv(x, u1, v1)− Hv(x, u2, v2)

≤ k0

1+
2
i=1
(|ui |α−2 + |vi |β−2)

|u1 − u2|2 + |v1 − v2|2

, (2.2)
with some constants k0 ≥ 0.
Next, we give the definition of the bi-spaces global attractor and some lemmas which are very
useful in later discussion.
Definition 1 ([3,9,18]). Let S(t) be a continuous semigroup on a Banach space X and a
semigroup on a Banach space Z . A subset A ⊂ X ∩ Z is called a global (X, Z)-attractor of
S(t) if and only if
(1) A is invariant, that is, S(t)A = A for all t ≥ 0;
(2) A is compact in Z ;
(3) A absorbs every bounded subsetB0 in X with respect to Z topology, that is, for any bounded
subsetB0 ⊂ X ,
dist(S(t)B0,A ) = sup
y∈B0
inf
x∈A
∥S(t)y − x∥Z → 0 as t →+∞. (2.3)
Lemma 1 ([7,10] (Gagliardo–Nirenberg)). Let β ≥ 0, 1 ≤ r ≤ q ≤ (1+β)m N/(N −m) when
N > m, and 1 ≤ r ≤ q ≤ ∞ when N ≤ m. Suppose u ∈ Lr and |u|βu ∈ W 1,m . Then there
exists C such that
∥u∥q ≤ C1/(β+1)∥u∥1−θr ∥∇(|u|βu)∥θ/(β+1)m , (2.4)
with θ = (1 + β)(r−1 − q−1)/(N−1 − m−1 + (1 + β)r−1), where C is independent of q, r, β
and θ if N ≠ m, and a constant depending on q/(1+ β) if N = m.
Lemma 2 ([14]). Let y(t) be a nonnegative differentiable function on (0, T ] satisfying
y′(t)+ Atλθ−1 y1+θ (t) ≤ Bt−k y(t)+ Ct−δ, 0 < t ≤ T, (2.5)
with A, θ > 0, λθ ≥ 1, B,C ≥ 0, k ≤ 1, and 0 ≤ δ < 1. Then we have
y(t) ≤ A−1/θ (2λ+ 2BT 1−k)t + 2C(λ+ BT 1−k)−1t1−δ, 0 < t ≤ T . (2.6)
Lemma 3 ([16]). Let y(t) be a nonnegative differentiable function on (0,∞) satisfying
y′(t)+ Ay1+µ(t) ≤ B, t > 0 (2.7)
with A, µ > 0, B ≥ 0. Then one has
y(t) ≤ (B A−1)1/(1+µ) + (Aµt)−1/µ, t > 0. (2.8)
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We now state our main results.
Theorem 1. Let f ∈ L p′ ∩ L∞, g ∈ Lq ′ ∩ L∞ and (u0, v0) ∈ L2× L2. If (A1), (A2) hold. Then
problem (1.1)–(1.2) admits a unique solution (u(t), v(t)) satisfying
u(t) ∈ C([0,∞), L2) ∩ L ploc([0,∞),W 1,p) ∩ L∞loc([0,∞), L2), (2.9)
v(t) ∈ C([0,∞), L2) ∩ Lqloc([0,∞),W 1,q) ∩ L∞loc([0,∞), L2), (2.10)
ut ∈ L ploc([0,∞),W−1,p
′
), vt ∈ Lqloc([0,∞),W−1,q
′
), (2.11)
and the following estimates
∥u(t)∥22 + ∥v(t)∥22 ≤ C1 M1t + ∥u0∥22 + ∥v0∥22, t ≥ 0, (2.12)
∥∇u(t)∥pp + ∥∇v(t)∥qq + λ∥u(t)∥pp + µ∥v(t)∥qq
≤ C1(M1 + ∥h∥1)+ t−1(∥u0∥22 + ∥u0∥22), t > 0, (2.13) t
s
(∥ut (τ )∥22 + ∥vt (τ )∥22)dτ ≤ C1(M1 + ∥h∥1)+ s−1(∥u0∥22 + ∥u0∥22), 0 < s ≤ t,
(2.14)
and
∥u(t)∥∞ ≤ Ct−p0 , ∥v(t)∥∞ ≤ Ct−q0 , 0 < t ≤ T, (2.15)
with p′ = p/(p − 1), q ′ = q/(q − 1), p0 = N (2p + (p − 2)N )−1, q0 = N (2q + (q − 2)N )−1
and M1 = ∥h1∥α1α1 + ∥h2∥β1β1 + ∥ f ∥
p′
p′ + ∥g∥q
′
q ′ . The constant C1 depends on p, q, N , α, β, λ, µ
and C depends on f, g, u0, v0, h1, h2 and T .
Theorem 2. Assume that all assumptions in Theorem 1 are satisfied. Then the semigroup
{S(t)}t≥0 generated by the solutions of problem (1.1)–(1.2) with (u0, v0) ∈ X has a global
(X, Y )-attractor A for any r > max{p, q}.
3. The proof of Theorem 1
Since the solutions are in fact given as limits of smooth solutions of appropriate approximate
equations, we may assume for our estimations that the solutions under consideration are
sufficiently smooth. We will begin with the estimates of ∥u(t)∥2 and ∥v(t)∥2.
Multiplying the first equation in (1.1) by u, we obtain
1
2
d
dt
∥u(t)∥22 + ∥∇u(t)∥pp + λ∥u(t)∥pp =

RN
( f (x)− Hu(x, u, v))udx . (3.1)
Similarly, we have
1
2
d
dt
∥v(t)∥22 + ∥∇v(t)∥qq + µ∥v(t)∥qq =

RN
(g(x)− Hv(x, u, v))vdx . (3.2)
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On the other hand, we have
RN
f (x)u(t)+ g(x)v(t)dx ≤ λ0∥u(t)∥pp + µ0∥v(t)∥qq + C1

∥ f ∥p′p′ + ∥g∥q
′
q ′

,
−

RN
(Hu(x, u, v)u + Hv(x, u, v)v)dx
≤

RN
h1(x)|u(t)|α + h2(x)|v(t)|βdx
≤ λ0∥u(t)∥pp + µ0∥v(t)∥qq + C1

∥h1∥α1α1 + ∥h2∥β1β1

,
(3.3)
with λ0 = λ/4, µ0 = µ/4, α1 = p/(p−α), β1 = q/(q−β) and p′ = p/(p−1), q ′ = q/(q−1).
Summing up (3.1) and (3.2), we have from (3.3) that for t ≥ 0 that
1
2
d
dt

∥u(t)∥22 + ∥v(t)∥22

+ ∥∇u(t)∥pp + ∥∇v(t)∥qq + 2λ0∥u(t)∥pp + 2µ0∥v(t)∥qq
≤ C1 M1 (3.4)
with M1 = ∥h1∥α1α1 + ∥h2∥β1β1 + ∥ f ∥
p′
p′ + ∥g∥q
′
q ′ .
Integrating (3.4) with respect to t , we obtain
∥u(t)∥22 + ∥v(t)∥22 + 2
 t
0
∥∇u(τ )∥pp + ∥∇v(τ)∥qq + 2λ0∥u(τ )∥pp + 2µ0∥v(τ)∥qq dτ
≤ C1 M1t + ∥u0∥22 + ∥v0∥22. (3.5)
This gives (2.12). Moreover, the estimate (3.5) implies that there is t∗ ∈ (0, t) such that
∥∇u(t∗)∥pp + ∥∇v(t∗)∥qq + 2λ0∥u(t∗)∥pp + 2µ0∥v(t∗)∥qq
≤ C1 M1 + t−1

∥u0∥22 + ∥v0∥22

, t > 0. (3.6)
On the other hand, multiplying the first equation and the second equation in (1.1) by ut and
vt respectively, summing up and integrating the resulting equation on (s, t)× RN , we get t
s

∥ut (τ )∥22 + ∥vt (τ )∥22

dτ + 1
p
∥∇u(t)∥pp + 1q ∥∇v(t)∥
q
q + λp ∥u(t)∥
p
p + µq ∥v(t)∥
q
q
+

RN
(H(x, u(t), v(t))− f (x)u(t)− g(x)v(t))dx
= 1
p
∥∇u(s)∥pp + λp ∥u(s)∥
p
p + 1q ∥∇v(s)∥
q
q + µq ∥v(s)∥
q
q
+

RN
(H(x, u(s), v(s))− f (x)u(s)− g(x)v(s))dx . (3.7)
It follows from (2.1) and Young’s inequality that
−

RN
(H(x, u(t), v(t)))dx ≤

RN
(h1(x)|u(t)|α + h2(x)|v(t)|β)dx
≤ ε ∥u(t)∥pp + ∥v(t)∥qq+ C1 ∥h1∥α1α1 + ∥h2∥β1β1 , (3.8)
with 0 < ε ≤ min(λ/2p, µ/2q).
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Similarly, we have the following estimates by Young’s inequality
RN
| f (x)u(t)|dx ≤ ε∥u(t)∥pp + C1∥ f ∥p
′
p′ ,
RN
|g(x)u(t)|dx ≤ ε∥v(t)∥qq + C1∥g∥q
′
q ′ ,
RN
| f (x)u(s)|dx ≤ ∥u(s)∥pp + ∥ f ∥p
′
p′ ,
RN
|g(x)v(s)|dx ≤ ∥v(s)∥qq + ∥g∥q
′
q ′ ,
−

RN
H(x, u(s), v(s))dx
≤

RN
(h1(x)|u(s)|α + h2(x)|v(s)|β + h(x))dx
≤ ε ∥u(s)∥pp + ∥v(s)∥qq+ C1 ∥h1∥α1α1 + ∥h2∥β1β1+ ∥h∥1.
(3.9)
Then, we have from (3.7)–(3.9) that t
s

∥ut (τ )∥22 + ∥vt (τ )∥22

dτ + 1
p
∥∇u(t)∥pp + 1q ∥∇v(t)∥
q
q + λp ∥u(t)∥
p
p + µq ∥v(t)∥
q
q
≤ C1
∥∇u(s)∥pp + ∥u(s)∥pp + ∥∇v(s)∥qq + ∥v(s)∥qq + M2 , (3.10)
with M2 = ∥h1∥α1α1 +∥h2∥β1β1 +∥ f ∥
p′
p′ +∥g∥q
′
q ′ +∥h∥1 = M1 +∥h∥1. Furthermore, we let s = t∗
in (3.10) and obtain from (3.6) that
∥∇u(t)∥pp + ∥∇v(t)∥qq + λ∥u(t)∥pp + µ∥v(t)∥qq
≤ C1(M1 + ∥h∥1)+ t−1(∥u0∥22 + ∥u0∥22), t > 0 (3.11)
and  t
s
(∥ut (τ )∥22 + ∥vt (τ )∥22)dτ ≤ C1(M1 + ∥h∥1)+ s−1(∥u0∥22 + ∥u0∥22), 0 < s ≤ t.
(3.12)
Thus we conclude that the solution (u(t), v(t)) satisfies (2.13)–(2.14). We now derive
(2.15) by Moser’s technique as in [12,14]. In the sequel, we will write uk, vm instead of
|u|k−1u, |v|m−1u for convenience. Also, let C and C j be the generic constants independent of k
and m changeable from line to line.
Multiplying the first equation in (1.1) by |u|k−2u and the second equation by |v|m−2v, we
obtain
d
dt

∥u(t)∥kk + ∥v(t)∥mm

+ k2−p∥∇u k+p−2p ∥pp + m2−q∥∇v
m+q−2
q ∥qq
+ kλ∥u∥k+p−2k+p−2 + mµ∥u∥m+q−2m+q−2
≤ −

RN
(k Hu(x, u, v)|u|k−2u + m Hv(x, u, v)|v|m−2v)dx
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+

RN
(k f (x)|u|k−2u + mg(x)|v|m−2v)dx . (3.13)
Furthermore, by Young’s inequality and the assumption (A1), we derive
RN
k| f (x)| |u|k−1dx ≤ lλ0∥u∥p+k−2p+k−2 + kλ
2−k−p
p−1
0 ∥ f ∥pkpk ,
RN
|g(x)| |v|m−1dx ≤ µ0∥v∥q+m−2q+m−2 + µ
2−m−q
q−1
0 ∥g∥qmqm ,
−

RN
(k Hu |u|k−2u + m Hv|v|m−2v)dx ≤ kλ0∥u∥p+k−2p+k−2 + kλ
2−α−k
p−α
0 ∥h1∥αkαk
+mµ0∥v∥q+m−2q+m−2 + mµ
2−β−m
q−β
0 ∥h2∥βmβm ,
(3.14)
where
pk = p + k − 2p − 1 , qm =
q + m − 2
q − 1 , αk =
p + k − 2
p − α , βm =
q + m − 2
q − β .
(3.15)
Hence, (3.13) becomes
d
dt
(∥u(t)∥kk + ∥v(t)∥mm)+ k2−p∥∇u
k+p−2
p ∥pp + m2−q∥∇v
m+q−2
q ∥qq
+ kλ∥u(t)∥k+p−2k+p−2 + mµ∥u(t)∥m+q−2m+q−2 ≤ (k + m)Ak,m (3.16)
with
Ak,m = λ
2−k−p
p−1
0 ∥ f ∥pkpk + µ
2−m−q
q−1
0 ∥g∥qmqm + λ
2−α−k
p−α
0 ∥h1∥αkαk + µ
2−β−m
q−β
0 ∥h2∥βmβm .
We take two sequences of kn and mn as follows.
k1 = 2, k = kn = Rkn−1 − (p − 2) = R
n−1(2R − p)
R − 1 +
p − 2
R − 1 ,
m1 = 2, m = mn = Rmn−1 − (q − 2) = R
n−1(2R − q)
R − 1 +
q − 2
R − 1 , n = 2, 3, . . .
(3.17)
where R is chosen so that R > max(p/2, q/2). Note that kn ∼ mn as n → ∞. Then, by
Lemma 1, we see that
∥∇u kn+p−2p ∥pp ≥ C−p/θn∥u∥(kn+p−2)θ
−1
n
kn−1 ∥u∥
(kn+p−2)(1−θ−1n )
kn
,
∥∇v mn+q−2q ∥qq ≥ C−q/θn∥v∥(mn+q−2)θ
−1
n
mn−1 ∥v∥(mn+q−2)(1−θ
−1
n )
mn ,
(3.18)
where
θn = kn + p − 2p

1
kn−1
− 1
kn

1
N
− 1
p
+ kn + p − 2
pkn−1
−1
= N R(1− kn−1k
−1
n )
p + N (R − 1) ,
θn = mn + q − 2q

1
mn−1
− 1
mn

1
N
− 1
q
+ mn + q − 2
qmn−1
−1
= N R(1− mn−1m
−1
n )
q + N (R − 1) .
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Inserting (3.18) into (3.16) (k = kn,m = mn), we find
d
dt
(∥u(t)∥knkn + ∥v(t)∥mnmn )+ k
2−p
n C
−p/θn∥u(t)∥p−2−tnkn−1 ∥u(t)∥
kn+tn
kn
+m2−qn C−q/θn∥v(t)∥q−2−snmn−1 ∥v(t)∥mn+tnmn ≤ (kn + mn)An, (3.19)
with An = Akn ,mn and tn = (kn + p − 2)θ−1n − kn , sn = (mn + q − 2)θ −1n − mn .
Denote
yn(t) = ∥u(t)∥knkn + ∥v(t)∥mnmn .
We claim that there exist the bounded sequences {ξn}, {ηn}, {pn} and {qn} such that for any
T > 0,
∥u(t)∥kn ≤ ξn t−pn , ∥v(t)∥mn ≤ ηn t−qn , 0 < t ≤ T . (3.20)
Indeed, by (2.12), (3.20) holds for n = 1 if we take p1 = 0, q1 = 0. If (3.20) is true for n − 1,
then (3.19) can be reduced to
y′n(t)+ C−p/θn k2−pn

ξn−1t−pn
p−2−tn ∥u(t)∥kn+tnkn
+C−q/θn m2−qn

ηn−1t−qn
q−2−sn ∥v(t)∥mn+snmn ≤ (kn + mn)An . (3.21)
We take τn = min{tn/kn, sn/mn}, αn = min{p − 2− tn, q − 2− sn}, βn = max{pn−1(tn + 2−
p), qn−1(sn + 2− q)}, Dn−1 = max{ξn−1, ηn−1}. Then we take from (3.19) that
y′n(t)+ C Dαnn−1tβn

∥u(t)∥knkn + ∥v(t)∥mnmn
1+τn ≤ (kn + mn)An . (3.22)
Applying Lemma 2 to (3.22), we have
yn(t) ≤ Bn t−(βn+1)/τn , 0 < t ≤ T, (3.23)
with
Bn = 2

C Dαnn−1
 1
τn

βn + 1
τn
1/τn
+ 2An(kn + mn)

βn + 1
τn
−1
T (τn+βn+1)/τn .
Then (3.23) implies that
∥u(t)∥kn ≤ B
1
kn
n t
−(1+βn)/(knτn), ∥v(t)∥mn ≤ B
1
mn
n t
−(1+βn)/(mnτn), 0 < t ≤ T . (3.24)
Let
ξn = B1/knn , ηn = B1/mnn , pn = 1+ βnknτn , qn =
1+ βn
mn
τn .
By a similarly argument in [12,14], we know that {ξn}, {ηn} are bounded and there exist two
subsequences {pnl } ⊂ pn and {qnl } ⊂ {qn} such that
pnl → p0 =
N
2p + (p − 2)N , qnl → q0 =
N
2q + (q − 2)N (as l →∞).
Therefore, letting l →∞ in (3.24), we obtain
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∥u(t)∥∞ ≤ Ct−p0 , ∥v(t)∥∞ ≤ Ct−q0 , 0 < t < T . (3.25)
This gives (2.15).
We now consider the uniqueness and continuity of the solutions for (1.1)–(1.2) in L2 × L2.
Let (u1, v1), (u2, v2) be two solutions of (1.1)–(1.2), which satisfy (2.12)–(2.15). Denote u(t) =
u1(t)− u2(t), v(t) = v1(t)− v2(t). Then (u(t), v(t)) solves
ut − (∆pu1 −∆pu2)+ λ

|u1|p−2u1 − |u2|p−2u2

= Hu(x, u2, v2)− Hu(x, u1, v1),
vt − (∆qv1 −∆qv2)+ µ

|v1|q−2v1 − |v2|q−2v2

= Hv(x, u2, v2)− Hv(x, u1, v1).
(3.26)
Multiplying the first equation and the second equation in (3.26) by u and v respectively, we get
from Lemma 4.4 in [7, Chap. 1] and the assumption (A2) and the estimate (2.15) that
1
2
d
dt
(∥u(t)∥22 + ∥u(t)∥22)+ C1
∥∇u(t)∥pp + ∥∇v(t)∥qq+ C2 ∥u(t)∥pp + ∥v(t)∥qq
≤ k0

RN

1+
2
i=1
(|ui (t)|α−1 + |vi (t)|β−1)

(|u(t)|2 + |v(t)|2)dx
≤ k0

1+
2
i=1
(∥ui (t)∥α−1∞ + ∥vi (t)∥β−1∞ )

(∥u(t)∥2 + ∥v(t)∥2)dx
≤ C(1+ t−p0(α−2) + t−q0(β−2))(∥u(t)∥2 + ∥v(t)∥2), (3.27)
with 0 ≤ t ≤ T and some C1,C2 > 0. Since −p0(α − 2) < 1,−q0(β − 2) < 1 and
u(0) = 0, v(0) = 0, (3.27) implies that ∥u(t)∥22 + ∥v(t)∥22 ≡ 0 in [0, T ].
Further, let t > s > 0. Note that
∥u(t)− u(s)∥22 =

RN
 t
s
ut (τ )dτ
2
dx ≤
 t
s
∥ut (τ )∥22(t − s). (3.28)
Then it follows from (2.14) that ∥u(t)− u(s)∥22 → 0 as t → s. Hence u(t) ∈ C([0, T ], L2). By
the similarly argument in v(t), we complete the proof of Theorem 1. 
Remark 1. By Theorem 1, one obtains that the solution operator S(t)(u0, v0) = (u(t), v(t))
(t ≥ 0) of problem (1.1)–(1.2) generates a semigroup on L2 × L2, which satisfies the following
properties:
(1) S(t) : L2 × L2 → L2 × L2 for t ≥ 0, and S(0)(u0, v0) = (u0, v0) for (u0, v0) ∈ L2 × L2;
(2) S(t + s) = S(t)S(s) for t, s ≥ 0;
(3) S(t)(θ, ϕ)→ S(s)(θ, ϕ) in L2 × L2 as t → s for every (θ, ϕ) ∈ L2 × L2.
Remark 2. It follows from (2.13) that for any constants M3 > M1, the set
B =

(u, v) ∈ W 1,p × W 1,q | ∥∇u(t)∥pp + ∥∇v(t)∥qq + λ∥u(t)∥pp + µ∥v(t)∥qq ≤ M3

(3.29)
is an absorbing set in the sense of (3) in Definition 1, that is, let B0 be a bounded subset of
L2 × L2 there exists T0 = T0(B0) such that S(t)B0 ⊂ B for every t ≥ T0.
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4. Global attractor in RN
In this section, we will prove the existence of the (X, Y )-global attractor for problem
(1.1)–(1.2). To this end, we first establish some continuity of S(t) and derive the estimates on
solutions for large time and space variants. Namely, we have the following lemma, which plays
a crucial role in the proof of the existence of attractor.
Lemma 4. Assume that all the assumptions in Theorem 1 are satisfied. Let S(t)(θn, ϕn) and
S(t)(θ, ϕ) be the solutions of problem (1.1)–(1.2) with the initial data (θn, ϕn) and (θ, ϕ)
respectively. If (θn, ϕn) → (θ, ϕ) in Lr × Lr (r ≥ 2) as n → ∞, then S(t)(θn, ϕn) uniformly
converges to S(t)(θ, ϕ) in Lr × Lr for any compact interval [0, T ] as n →∞.
Proof. Let (un(t), vn(t)) = S(t)(θn, ϕn), (u(t), v(t)) = S(t)(θ, ϕ), n = 1, 2, . . . . Then
wn(t) = un(t)− u(t), wn(t) = vn(t)− v(t) satisfy
wnt − (∆pun −∆pu)+ λ

|un|p−2un − |u|p−2u

= Hu(x, u, v)− Hu(x, un, vn),
wnt − (∆qvn −∆qv)+ µ

|vn|q−2vn − |v|q−2v

= Hv(x, u, v)− Hv(x, un, vn),
(4.1)
and wn(x, 0) = θn(x)− θ(x), wn(x, 0) = ϕn(x)− ϕ(x).
On multiplying the first equation and the second equation in (4.1) by |wn|r−2wn and
|wn|r−2wn respectively, we get from Lemma 4.4 in [7, Chap. 1] and (2.15) that
1
r
d
dt
(∥wn(t)∥rr + ∥wn(t)∥rr )+ C1

RN
(|∇wn|p|wn|r−2dx + |∇wn|q |wn|r−2)dx
≤

RN
(Hu(x, u, v)− Hu(x, un, vn))|wn|r−2wndx
+

RN
(Hv(x, u, v)− Hv(x, un, vn))|wn|r−2wndx
≤ k0

RN
(1+ |un|α−2 + |u|α−2 + |vn|β−2 + |v|β−2)
× (|wn|2 + |wn|2)(|wn|r−2 + |wn|r−2)dx
≤ C(1+ ∥un(t)∥α−2∞ + ∥u(t)∥α−2∞
+∥vn(t)∥β−2∞ + ∥v(t)∥β−2∞ )(∥wn(t)∥r + ∥wn(t)∥r )
≤ C(1+ t−p0(α−2) + t−q0(β−2))(∥wn(t)∥r + ∥wn(t)∥r ), (4.2)
for some C > 0, depending on p, q, N . This implies that
∥wn(t)∥rr + ∥wn(t)∥rr ≤ (∥wn(0)∥rr + ∥wn(0)∥rr ) exp(C(T + m−10 T m0 + n−10 T n0))
= (∥θn − θ∥rr + ∥ϕn − ϕ∥rr ) exp(C(T + m−11 T m0 + n−10 T n0)),
with
m0 = 1− p0(α − 1) = 1− N (α − 1)(2p + (p − 2)N )−1 > 0,
n0 = 1− q0(β − 1) = 1− N (β − 1)(2q + (q − 2)N )−1 > 0.
Letting n →∞, we obtain the desired result. 
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Lemma 5. Assume that all the assumptions in Theorem 1 are satisfied. Let (u(t), v(t)) be the
solution of (1.1) with (u0, v0) ∈ L2 × L2, ∥u0∥2 + ∥v0∥2 ≤ M1. Then there exists T0 > 0, such
that for any r > max{p, q}, we have
∥u(t)∥rr + ∥v(t)∥rr ≤ Ar + Br (t − T0)−1/σ , t > T0, (4.3)
where σ = min{(p − 2 + p2/N )/(r − p), (q − 2 + q2/N )/(r − q)} and Ar , Br > 0,
which depend only on r, N , p, q and the given data ∥ f ∥prpr , ∥g∥qrqr , ∥h1∥αrαr , ∥h2∥βrβr , M1 with
pr = (r + p − 2)/(p − 1), qr = (r + q − 2)/(q − 1), αr = (p + r − 2)/(p − α) and
βr = (q + r − 2)/(q − β).
Proof. Multiplying the first equation in (1.1) by |u|r−2u and the second equation by |v|r−2v, we
have
1
r
d
dt
(∥u(t)∥rr + ∥v(t)∥rr )+ Cr

∥∇(|u|(r−2)/pu)∥pp + ∥∇(|v|(r−2)/qv)∥qq

+ λ∥u∥r+p−2r+p−2 + µ∥v∥r+q−2r+q−2
≤

RN
( f (x)|u|r−2u + g(x)|v|r−2v − (Hu |u|r−2u + Hv|v|r−2v))dx . (4.4)
Note that
RN
| f (x)|u|r−2udx ≤ ε∥u∥r+p−2r+p−2 + Cε∥ f ∥prpr ,
RN
|g(x)|v|r−2vdx ≤ ε∥v∥r+q−2r+q−2 + Cε∥g∥qrqr ,
−

RN
(Hu |u|r−2u + Hv|v|r−2v)dx
≤

RN
(h1(x)|u|α+r−2 + h2(x)|v|β+r−2)dx
≤ ε∥u∥r+p−2r+p−2 + Cε∥h1∥αrαr + ε∥v∥r+q−2r+q−2 + Cε∥h2∥βrβr ,
(4.5)
with 0 < ε < min{λ/4, µ/4}. Then (4.4) becomes
1
r
d
dt
(∥u(t)∥rr + ∥v(t)∥rr )+ Cr

∥∇(|u|(r−2)/pu)∥pp + ∥∇(|v|(r−2)/qv)∥qq

+ λ
2
∥u∥r+p−2r+p−2 +
µ
2
∥v∥r+q−2r+q−2 ≤ Cε(∥ f ∥prpr + ∥g∥qrqr + ∥h1∥αrαr + ∥h2∥βrβr ). (4.6)
By Lemma 1, we have
∥∇(|u(t)|τu(t))∥pp ≥ C∥u(t)∥p(1+τ)/θ1r ∥u(t)∥τ1p ,
∥∇(|v(t)|τ˜v(t))∥qq ≥ C∥v(t)∥q(1+τ˜ )/θ1r ∥v(t)∥τ˜1q ,
(4.7)
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with
τ = r − 2
p
, θ1 = (1+ τ)

1
p
− 1
r

1
N
+ τ
p
−1
,
τ1 = p(1− θ−11 )(1+ τ) < 0,
τ˜ = r − 2
q
, θ1 = (1+ τ˜ )

1
q
− 1
r

1
N
+ τ˜
q
−1
,
τ˜1 = q(1− θ −11 )(1+ τ˜ ) < 0.
(4.8)
By Remark 2, there exists T0 > 0, such that t ≥ T0, ∥u(t)∥pp ≤ M3, ∥v(t)∥qq ≤ M3. Therefore,
we have from (4.6) and (4.7) that
1
r
d
dt
∥u(t)∥rr + ∥v(t)∥rr + Cr C(Mτ1/p3 ∥u∥r(1+α0)r + M τ˜1/q3 ∥v∥r(1+β0)r )
≤ Cε(∥ f ∥prpr + ∥g∥qrqr + ∥h1∥αrαr + ∥h2∥βrβr ) ≡ Mr , (4.9)
with
r(1+ α0) = p(1+ τ)
θ1
, τ1 = p − 2− rα0, α0 = p − 2+ p
2/N
r − p > 0,
r(1+ β0) = q(1+ τ˜ )
θ1
, τ˜1 = q − 2− rβ0, β0 = q − 2+ q
2/N
r − q > 0.
Then it follows from (4.9) and Lemma 3 that
∥u(t)∥rr + ∥v(t)∥rr ≤ (Mr M−τ
′
3 (Cr C)
−1)1/(1+σ) + (Cr C Mτ ′3 σ(t − T0))−1/σ , t > T0,
(4.10)
where τ ′ = min{τ1/p, τ˜1/q}, σ = min{α0, β0}. This gives (4.3) and completes the proof of
Lemma 5. 
By Lemma 5, we have the following.
Lemma 6. Assume that all the assumptions in Theorem 1 are satisfied. LetB0 be a bounded set
in L2 × L2 and (u(t), v(t)) be a solution of (1.1)–(1.2) with (u0, v0) ∈ B0. Then, for any ε > 0
and r > max{p, q}, there exist ρ0 = ρ0(ε,B0), T1 = T1(ε,B0), such that ρ ≥ ρ0, t ≥ T1,
Bcρ
|u(t)|r + |v(t)|r dx ≤ ε, ∀(u0, v0) ∈ B0, (4.11)
where Bcρ = {x ∈ RN | |x | ≥ ρ}.
The proof of Lemma 6 is similar as the proof of Lemma 2.12 in [6] and is omitted here. 
Proof of Theorem 2. Define
A =

τ≥0
A (τ ), A (τ ) =

t≥τ
S(t)B

Lr×Lr
, (4.12)
where B is from Remark 2 and [E]Lr×Lr is the closure of E in Lr (RN ) × Lr (RN ). We prove
that A is a global (L2(RN )× L2(RN ), Lr (RN )× Lr (RN ))-attractor for (1.1)–(1.2).
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Obviously, A (τ ) is closed and nonempty and A (τ1) ⊂ A (τ2) if τ1 ≥ τ2. Therefore, A
is nonempty. In what follows, we will verify the invariance of A in Lr (RN ) × Lr (RN ), i.e.
S(t)A = A for all t ≥ 0.
Let (θ, ϕ) ∈ A , then there exist tn →∞ and (θn, ϕn) ∈ B such that S(tn)(θn, ϕn)→ (θ, ϕ)
in Lr (RN )×Lr (RN ). Since S(t) is continuous from Lr (RN )×Lr (RN )→ Lr (RN )×Lr (RN ) by
Lemma 4, we obtain S(t+tn)(θn, ϕn) = S(t)(S(tn)(θn, ϕn))→ S(t)(θ, ϕ) in Lr (RN )×Lr (RN ).
Note that
S(t + tn)(θn, ϕn) ∈

t≥τ
S(t)B ⇒ S(t)(θ, ϕ) ∈ A (τ )⇒ S(t)(θ, ϕ) ∈

τ≥0
A (τ ).
That is, S(t)(θ, ϕ) ∈ A and S(t)A ⊂ A .
On the other hand, we let (θ, ϕ) ∈ A and t ≥ 0 fixed. Suppose tn → ∞ and (θn, ϕn) ∈ B
such that S(tn)(θn, ϕn)→ (θ, ϕ) in Lr (RN )× Lr (RN ). We claim that there exists (φ, ψ) ∈ A
such that S(t)(φ, ψ) = (θ, ϕ). This implies A ⊂ S(t)A .
First, since {(θn, ϕn)} is bounded in W 1,p × W 1,q by Remark 2, so is {S(tn − t)(θn, ϕn)} by
Theorem 1. That is, there exist n0 > 1, T0 > 0 and M3 > 0, such that when n ≥ n0, tn − t ≥ T0
and
∥un∥p + ∥∇un∥p ≤ M3, ∥vn∥q + ∥∇vn∥q ≤ M3 for n ≥ n0, (4.13)
where (un(x), vn(x)) = S(tn − t)(θn(x), ϕn(x)). Then, we have
∥un∥W 1,p(Bρ0 ) = ∥∇un∥L p(Bρ0 ) + ∥un∥L p(Bρ0 ) ≤ C(ρ0, M3),
∥vn∥W 1,q (Bρ0 ) = ∥∇vn∥Lq (Bρ0 ) + ∥vn∥Lq (Bρ0 ) ≤ C(ρ0, M3), n ≥ n0,
(4.14)
where the constant C(ρ0, M3) depends on ρ0, M3 and ρ0 is from Lemma 6. By the compact
embedding, there exist {(unk , vnk )} ⊂ {(un, vn)}, such that (unk , vnk ) → (φ, ψ) in Lr (Bρ0) ×
Lr (Bρ0) if 2 ≤ r ≤ s∗, where s∗ = min(p∗, q∗). We extend (φ(x), ψ(x)) as zero when |x | > ρ0.
Then (unk , vnk ) → (φ, ψ) in Lr (RN ) × Lr (RN ), and (φ, ψ) ∈ A (τ ), (φ, ψ) ∈ A . By the
continuity of S(t) in Lr (RN )× Lr (RN ), we have
S(tnk )(θnk , ϕnk ) = S(t)(S(tnk − t)(θnk , ϕnk ))→ S(t)(φ, ψ) H⇒ (θ, ϕ) = S(t)(φ, ψ).
(4.15)
So, A ⊂ S(t)A and A is invariant in Lr (RN )× Lr (RN ) for every t ≥ 0.
For the case r > s∗, we take µ ∈ (s, s∗] and (unk , vnk ) → (φ, ψ) in Lµ(RN ) × Lµ(RN ) as
the above proof. Thus {(unk , vnk )} is a Cauchy sequence in Lµ(RN ) × Lµ(RN ). We claim that
{(unk , vnk )} is also a Cauchy sequence in Lr (RN )× Lr (RN ).
In fact, it follows from Lemma 5 that there exist Mι and n0 such that if n ≥ n0, then tn−t ≥ T0
and
∥un∥ι + ∥vn∥ι ≤ Mι, ι = (r − 1)µ/(µ− 1). (4.16)
Notice that
RN
|uni − un j |r + |vni − vn j |r  dx
≤ ∥uni − un j ∥µ∥uni − un j ∥r−1ι + ∥vni − vn j ∥µ∥vni − vn j ∥r−1ι
≤ (2Mι)r−1
∥uni − un j ∥µ + ∥vni − vn j ∥µ , (4.17)
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for i, j ≥ n0. This gives our claim. Therefore, there exists (φ, ψ) ∈ Lr (RN ) × Lr (RN ) such
that (unk , vnk ) = S(tnk − t)(θnk , ϕnk )→ (φ, ψ) in Lr (RN )× Lr (RN ) and (θ, ϕ) = S(t)(φ, ψ).
Hence A ⊂ S(t)A and S(t)A = A .
We now consider the compactness of A in Lr (RN ) × Lr (RN ). In fact, from the proof of
A ⊂ S(t)A , we know that ∪t≥τ S(t)BLr×Lr is compact in Lr (RN )× Lr (RN ), so is A .
For the attractors of A , we argue by contradiction and assume that for some bounded setB0
of L2(RN ) × L2(RN ), distLr×Lr (S(t)B0,A ) does not tend to 0 as t → ∞. Thus there exist
δ > 0 and a sequence tn →∞ such that
distLr×Lr (S(tn)B0,A ) ≥ δ2 > 0, for n = 1, 2, . . . . (4.18)
For every n = 1, 2, . . . , there exist (θn, ϕn) ∈ B0 such that
distLr×Lr (S(tn)(θn, ϕn),A ) ≥ δ2 > 0. (4.19)
By Remark 2, B is a absorbing set, and S(tn)(θn, ϕn) ⊂ B if tn ≥ T0. By the above proof,
we know that there exist (θ, ϕ) ∈ Lr (RN ) × Lr (RN ) and a subsequence {S(tnk )(θnk , ϕnk )} of
{S(tn)(θn, ϕn)} such that
(θ, ϕ) = lim
k→∞ S(tnk )(θnk , ϕnk ) = limk→∞ S(tnk − T0)(S(T0)(θnk , ϕnk )),
in Lr (RN )× Lr (RN ). (4.20)
When (θnk , ϕnk ) ∈ B0 and T0 is large, we have from Remark 2 that S(T0)(θnk , ϕnk ) ∈ B and
S(tnk − T0)(S(T0)(θnk , ϕnk )) ∈

t≥τ
S(t)B. (4.21)
Thus, (θ, ϕ) ∈ A . This contradicts (4.18). Then the proof of Theorem 2 is completed. 
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